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We consider a predatorprey system with one or two delays and a unique
positive equilibrium E. Its dynamics are studied in terms of the local stability of
E and of the description of the Hopf bifurcation that is proven to exist as one of
Ž .the delays taken as a parameter crosses some critical values. We also consider a
reactiondiffusion system with Neumann conditions, resulting from adding one
spatial variable and diffusion terms in the previous model. The spectral and
bifurcation analysis in the neighborhood of E, now as a stationary point of this
latter system, is addressed and the results obtained for the case without diffusion
are applied.  2001 Academic Press
1. INTRODUCTION
In this paper, we consider the LotkaVolterra predatorprey system
u t  u t r  a u t  a  t Ž . Ž . Ž . Ž .˙ 1 1 2
1.1Ž .
 t  t r  a u t   a  t ,Ž . Ž . Ž . Ž .˙ 2 3 4
where  , r , r , a , a are positive constants and  , a , a are non-negative1 2 2 3 1 4
constants.
Ž . Ž .In biological terms, u t and  t can be interpreted as the densities of
prey and predator populations, respectively, and a , a self-limitation con-1 4
stants. In the absence of predators, the prey species follows the logistic
1 Work partially supported under projects PRAXISPCEXPMAT3696 and PRAX-
Ž .IS22.1MAT12594 of FCT Portugal .
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Ž . Ž . Ž .equation u t  u t r  a u t , with a strictly positive for species with˙ 1 1 1
self-limitation. In the presence of predators, there is a hunting term,
Ž .a  t  , a  0, with a certain delay  , called the hunting delay. In the2 2
absence of prey species, the predators decrease. The positive feedback
Ž .a u t  has a positive delay  which is the delay in the predator3
maturation.
Models involving delays and also spatial diffusion are increasingly ap-
plied to the study of a variety of situations. For this reason, we consider a
second model, the delayed reactiondiffusion system with Neumann condi-
tions, resulting from considering one spatial variable and adding diffusion
terms d  u, d   , d , d  0, respectively, to the first and second equa-1 2 1 2
Ž .tions of 1.1 :
u t , x  2 u t , xŽ . Ž .
 d  u t , x r  a u t , x  a  t  , xŽ . Ž . Ž .1 1 1 22 t  x
  t , x  2 t , xŽ . Ž .
 d  t , x r  a u t  , x  a  t , x ,Ž . Ž . Ž .2 2 3 42 t  x
t 0, x 0, 1.2Ž . Ž .
u t , x   t , xŽ . Ž .
  0, x 0, .
 x  x
Ž . ŽSystems of type 1.1 with some constants vanishing most of the litera-
.ture considers  a  0 or with some more constraints on the con-4
stants, and also predatorprey models with distributed delays, have been
widely studied. There is an extensive literature about systems similar to
Ž .1.1 , regarding boundedness of solutions, persistence, local and global
stabilities of equilibria, and existence of non-constant periodic solutions
Ž   .e.g., 1, 7, 8, 1012, 14, 19 and references therein .
Here, we assume the existence of a positive equilibrium E for system
Ž . Ž .1.1 , therefore also an equilibrium of 1.2 . Taking the delay  0 as a
parameter, our purpose is to relate the dynamics of the two systems
Ž .without and with diffusion in the neighbourhood of E and determine
the role of the diffusion terms. To accomplish this, the local stability of E
Ž .is addressed, both as an equilibrium of 1.1 and of the corresponding
Ž . Ž .reactiondiffusion system 1.2 . For 1.1 , it is proven that a Hopf bifurca-
tion occurs at E as the delay  crosses some critical values  . For then
Ž .second model, Eq. 1.2 , the main technique to accomplish the spectral and
bifurcation analyses, in the neighbourhood of E, is the ‘‘adjoint’’ theory
Ž .for partial functional differential equations PFDEs . However, the lin-
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earized equation about the equilibrium is given by an operator that mixes
the modes of the Laplacian, and the adjoint theory for PFDEs as described
 in 13, 15, 18 must be adjusted to take this into account. In this setting, the
results for the reactiondiffusion system are deduced from the case
without diffusion.
From the normal form theory for functional differential equations
Ž .   Ž .FDEs in 5, 6 , it is known that the ordinary differential equation ODE
giving the flow on the center manifold for retarded FDEs at a singularity
can be explicitly given in terms of the original FDE. We shall apply this
normal form procedure, in order to determine the direction of the bifurca-
tion and the stability of the periodic orbits bifurcating from E,   .n
Unfortunately, the analysis is not easy, since it involves hard computations;
therefore, formulas are presented here but their resolution is not done in
the general framework. However, examples for some particular cases of
Ž .the coefficients appearing in 1.1 are completely treated. Based on the
 existence of a center manifold 13, 18 , and also using the normal form
 procedure for FDEs with diffusion 3, 4 , the previous analysis of the Hopf
Ž .singularity for 1.1 is easily applied to the situation with diffusion.
This paper is organized as follows. In Section 2 some results on the
adjoint and center manifold theories for PFDEs are presented, as well as a
brief overlook on the framework necessary to apply the normal form
theory for PFDEs. In Section 3, the local stability of the positive equilib-
Ž .rium of Eq. 1.1 is addressed, using  as a parameter. Using the normal
Ž .form technique, the study of the Hopf singularity for 1.1 is presented in
Ž .Section 4. The reactiondiffusion system 1.2 is introduced in Section 5:
the adjoint theory for PFDEs is applied and the analysis of the asymptoti-
cal stability of the positive stationary solution follows from previous results
in Section 3. In Section 6, it is shown that the study of the Hopf bifurcation
at the first critical value of  is reduced to the case without diffusion,
under some conditions on the coefficients. Finally, in the last section we
illustrate the procedure with the completed analysis of some particular
examples.
2. ELEMENTS OF THE THEORY OF PFDES
nConsider an open set 	 , a Hilbert space X of functions from  to
m ² : Ž  . with inner product  ,  , and the Banach space C C r, 0 ; X
Ž .  r 0 of continuous maps from r, 0 to X with the sup norm. Note
that all the theory can be directly applied to the case where the functions
m Ž . Ž .in X have values in  . We write U C for U 	 U t 	 , r
 	t t
 
 0, and we refer to 18 for general notations and results about PFDEs.
Consider a PFDE with an equilibrium point at the origin, given in abstract
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Ž .form i.e., in the phase space C as
d
U t  d U t  L U  g U t 0 , 2.1Ž . Ž . Ž . Ž . Ž . Ž .t tdt
Ž .where d 0, dom  	 X, L : C X is a bounded linear operator, and
k Ž . Ž . Ž .g : C X is a C function k 2 such that g 0  0, Dg 0  0. As in
 13 , for the linearized equation about the equilibrium zero,
d
U t  d U t  L U , 2.2Ž . Ž . Ž . Ž .tdt
Ž  .we assume the following properties see also 15; 17; 18, Chap. 3 :
Ž .  Ž .4  Ž . 2.3 d generates a C semigroup T t on X with T t 
0 t 0

 t Ž .Me for some M 1, 
 and all t 0, and T t is a compact operator for
t 0;
Ž .  42.4 the eigenfunctions  of d, with corresponding eigenval-k k0
 4ues  , form an orthonormal basis for X and   as k ;k k0 k
Ž .2.5 L can be extended to a bounded linear operator from BC
    .to X, where BC   : r, 0  X   is continuous on r, 0 ,
Ž . 4 lim  	  X , with the sup norm;	 0
Ž . ² Ž . : 42.6 the subspaces B of C , B    ,     C , satisfyk k k k
Ž .  4L B 	 span  .k k
Ž .The infinitesimal generator A associated with the semiflow of 2.2 is given
by
˙A 	   	 ,Ž . Ž . Ž .
˙ ˙dom A  C : C ,  0  dom  ,  0  d  0  L .Ž . Ž . Ž . Ž . Ž . 4
Ž .It is known that its spectrum  A coincides with its point spectrum
Ž . Ž . A and  is in  A if and only if  satisfies the characteristicP P
equation
  4  y  y d y L e y  0, for some y dom   0 .Ž . Ž .Ž .
2.7Ž .
Ž .Furthermore, for any a, the number of solutions of 2.7 such that
 4Re  a is finite. Using the decomposition of X by  , we deducek k1
Ž .that equation   y 0 is equivalent to the sequence of characteristic
equations
   L e  0 k , 2.8Ž . Ž . Ž .k k 0 k
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Ž  . Ž . Ž .where L : C r, 0 ;  are defined by L    L  , fork k k k
k .0
Ž .There exists an N such that all the solutions of 2.8 satisfy Re  0k
 Ž . 4for kN. Let  be the finite set    A : Re  0 and assume
. Now, we describe an adjoint theory for FDEs with diffusion,
d Ž .assuming the former hypotheses. On B , the linear equation u t k dt
Ž . Ž .d u t  L u is equivalent to the FDE on ,t
z t   z t  L z , 2.9Ž . Ž . Ž .˙ k k t k
Ž .with characteristic equation given by 2.8 . By this identification, thek
 standard adjoint theory for retarded FDEs 9 is used to decompose C , in
Ž .the following way. For 0
 k
 n, define ,  as the adjoint bilinear formk
  Ž  . on C 	 C, C  C 0, r ; , and decompose C by    : k
Ž . 4satisfies 2.8 and Re  0 ,k
C P Q , P  span  , P span  ,k k k k k k
 ˙ ,  I , dim P  dim P m ,   B ,Ž .k k k k k k k kk
Ž .where P is the generalized eigenspace for 2.9 associated with  , andk k k
B is an m 	m constant matrix. The above decompositions are used tok k k
decompose C by ,
CP Q , P Im  , QKer , 2.10Ž .
Ž . Nwhere P is the center space for 2.2 , dim PÝ m , and  : CP isk0 k
N Ž ² Ž . :.the projection defined by Ý   ,   ,   .k0 k k k k k
Ž . Ž . Ž .Using 2.10 and under hypotheses 2.3  2.6 , the existence of a local
Ž .  center manifold for 2.1 tangent to P at zero was proven in 13 , following
 the approach in 15 for stable and unstable manifolds. Its dimension is
Ž .equal to dim P, i.e., to the number of   A with real part zero,
counting multiplicities.
 In 4 , it was shown that the above decomposition of the phase space by
Ž .invariant subspaces of 2.2 can be considered in a more general frame-
Ž .work. Actually, a technique similar to the one above applies when 2.6
fails, i.e., L mixes the eigenspaces of d, but the following weaker
assumption holds: the eigenfunctions of d can be associated by blocks,
forming generalized eigenspaces that are not mixed by L. This situation is
described by the following condition:
Ž .   i k2.11 The set of eigenvalues of d can be written as   : i 0 k k
4 Ž .1, . . . , p the elements of these sets being distinct or not , such that thek
² Ž . i k: i k 4subspaces B 	 C , B  span   ,      C , i  1, . . . , p ,k k k k k k
where  i k is the normalized eigenfunction corresponding to i k , satisfyk k
Ž .  1 pk4L B 	 span  , . . . ,  , for all k .k k k 0
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An adjoint theory for FDEs with diffusion as the one described above,
 as well as the center manifold theorem in 13 , are still valid in this setting.
Ž . Ž .  First under assumptions 2.3  2.6 3 , and more generally under
Ž . Ž . Ž .  2.3  2.5 and 2.11 4 , a normal theory for FDEs with diffusion of type
Ž .  2.1 was developed, following closely the work done in 5, 6 for au-
tonomous retarded FDEs. To accomplish this, the phase space C was first
Ž .enlarged, in order to write 2.1 as an abstract ODE in a Banach space. It
turned out that an appropriate enlarged phase space is the space BC
Ž .considered in 2.5 . These normal forms are obtained by a recursive
process of change of variables that simplify the equation, computing at
each step the terms of order j 2 from the terms of the same order and
the terms of lower orders already computed in previous steps, in such a
way that the nonresonant terms of order j are eliminated. The normal form
procedure is always associated with a set of eigenvalues  of A. For
 Ž . 4   A : Re  0 , we obtain an ODE giving the flow on
Ž .the center manifold which existence follows from the above assumptions ,
 without having to compute that manifold beforehand. See 3, 4 for details.
3. STABILITY OF THE POSITIVE EQUILIBRIUM
Consider again the predatorprey system
u t  u t r  a u t  a  t Ž . Ž . Ž . Ž .˙ 1 1 2
3.1Ž .
 t  t r  a u t   a  t ,Ž . Ž . Ž . Ž .˙ 2 3 4
where  , r , r , a , a are positive constants, and  , a , a are non-negative1 2 2 3 1 4
Ž .constants. Assuming a r  a r  0, system 3.1 has a unique positive3 1 1 2
Ž .equilibrium E u,  , with
a r  a r a r  a r2 2 4 1 3 1 1 2
u ,  .
a a  a a a a  a a1 4 2 3 1 4 2 3
Normalizing the delay  by the time-scaling t t , effecting the change
of variables u a u u,  a   , and dropping the bars for simpli-3 2
Ž .fication of notation, 3.1 is transformed into
u t   u t r  au t  t rŽ . Ž . Ž . Ž .˙ 1
3.2Ž .
 t    t r  u t 1  b t ,Ž . Ž . Ž . Ž .˙ 2
where r  , a a a , b a a . The positive equilibrium E1 3 4 2
Ž .u,  is now given by
r  br r  ar2 1 1 2
u ,  , 3.3Ž .
ab 1 ab 1
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with the assumptions
r  0, r  0, r 0, a 0, b 0, r  ar  0.1 2 1 2
3.4Ž .
Ž . Ž Ž . Ž .. 2 Ž .By the translation z t  u t ,  t  E , 3.2 is written as an
Ž Ž .  2 .FDE in C C max r, 1 , 0 ; as
z t N  z  f z ,  , 3.5Ž . Ž . Ž . Ž . Ž .˙ t 0 t
Ž . 2  2where N  : C , f : C	  are given by0
u a 0   rŽ . Ž .Ž .1 2N     ,Ž . Ž . ž /  1  b 0Ž . Ž .Ž .1 2
 0 a 0   rŽ . Ž . Ž .Ž .1 1 2f  ,    ,Ž .0 ž / 0  1  b 0Ž . Ž . Ž .Ž .2 1 2
Ž .for   ,   C. Without loss of generality, we assume r
 1, so that1 2
Ž  2 .C C 1, 0 ; . The characteristic equation for the linear equation
Ž . Ž .Ž .z t N  z is˙ t
 ,   2 A B 2 C 2eŽ1r . 0, 3.6Ž . Ž .
where A au b, B abu, C u.
The roots of this characteristic equation are the eigenvalues for the
Ž . Ž .Ž .infinitesimal generator associated with the flow of z t N  z . Since˙ t
A 0, B 0, C 0, clearly there are no non-negative real roots of
Ž . Ž . ,   0, for  0. Now, let   i be a solution of 3.6 . Then,
2  2 A B 2 C 2e Ž1r . cos  1 rŽ .Ž .
3.7Ž .
2 A  C 2e Ž1r . sin  1 r .Ž . Ž .Ž .
Ž .In particular, i is a solution of 3.6 if and only if
1  2 A
cos  1 r   B , sin  1 r  . 3.8Ž . Ž . Ž .Ž . Ž .2ž /C C
Ž . Ž .LEMMA 3.1. Assume 3.4 . i If ab 1, all the roots of the characteristic
Ž . Ž .equation  ,   0,  0, hae negatie real parts. ii If 0
 ab 1, let
Ž .  r , r , a, b be the unique real positie solution of1 2
 4 a2 u2  b22  2 a2 b2 1 u2 2  0. 3.9Ž . Ž .Ž .
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Ž .Then, for  0,  0,  i ,   0 if and only if there is an n such0
that   and   , wheren n
A n
sin  1 r  ,   , 3.10Ž . Ž .Ž .n nC 
and
2 n 1 Ž .
  ,n 1 r
if a b 0
2n 2n 2
  , ,n ž 1 r 1 r 3.11Ž .
22 2if a  b  0, ab au b 
 uŽ .
2n 2 2n 1 Ž .
  , ,n ž /1 r 1 r
22 2if a  b  0, ab au b  u.Ž .
Ž . Ž .Proof. From 3.7 with  0,   i ,  0,  a root of 3.6 , it is
easy to check that 1 B2 C2  a2 b2. Now, let  0,  0, and
Ž . Ž . 4 Ž 2 i ,   0. From 3.8 with   , we have  0 and   A
. 2 2 2 Ž .2 B   B C 0. We obtain Eq. 3.9 , which has a positive real
solution  given by
12
22 2 2 2 2 2 2 2 2 2'  a u b   a u b   4u 2Ž . Ž .ž /ž /
Ž Ž ..if and only if ab 1. Assuming now that ab 1, then sin  1 r 
Ž Ž .. Ž 2 .A C 0, cos  1 r   B C, and necessarily  n
Ž . Ž . Ž Ž . .and   satisfy 3.10 , with  1 r  2n 2n 1  for somen n
Ž Ž ..n , if sin  1 r  0. Recall that A 0 if and only if a b 0.0 n
Ž .2 n 1 2Ž Ž ..In this case, sin  1 r  0, B 0,  C, and   . Ifn n 1 r
2 2 2 Ža  b  0, one can check that  B 0 if and only if ab au
.2 Ž .b 
 u; thus, 3.11 holds.
Ž .Reciprocally, for ab 1,  ,  given by 3.10 , and  the positiven n
Ž .  Ž Ž ..   2 solution of 3.9 , we obtain cos  1 r   BC; thus,
Ž . Ž Ž .. i ,   0 if  is chosen in an interval such that cos  1 r n n n n
2Ž . B C.
Ž . Ž .THEOREM 3.2. Assume 3.4 and ab 1. For n , let   be the0
Ž . Ž .smooth cure of roots of 3.6 such that    i , with  ,  defined byn n n n
Ž . Ž . 
Ž .3.10 , 3.11 . Then, i are simple roots, Re    0, and a Hopfn n
Ž .bifurcation occurs for 3.5 at z 0,   .n
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Ž . Ž . Ž . Ž .Proof. Let        i  be a solution of  ,   0 with
Ž . Ž .   i , for some n . A simple calculus shows that  i ,  n n 0 n n
Ž .0. Using an implicit function argument, it is easy to see that   is a
Ž .smooth function defined in a neighbourhood of each  . From 3.7 andn
Ž .3.8 with   ,   , after some calculations we obtainn n
2 2 2 2  1 r A 2    BŽ . Ž .n n n n
   .Ž .n 2 22 2A  1 r    B  2  A 1 r  Ž . Ž .Ž .n n n n n n
Since
A2  2  2 2 B  A2  2 B 22Ž .n n
22 2 2 2 2 2' a u b   4u  0,Ž .
the result follows now from the standard Hopf bifurcation theorem for
Ž  .retarded FDEs see 9 .
Remark 3.1. The results stated in Lemma 3.1 and Theorem 3.2 could
 also be deduced from the material in 11, p. 7482 . In fact, with   z
Ž .Eq. 3.6 becomes
z 2 A z B Ce zŽ1r . 0. 3.12Ž .
This is a particular case of the characteristic equation considered by
  ŽKuang in 11, Example 3.3.1 where the delay  that appears there is now
Ž ..  given by  1 r . See also 19 for case b 0, r 0.
We continue with the analysis of the eigenvalue problem for delays
  , where  is the first bifurcating point of the parameter. Using 11,0 0
Theorem 3.3.2 and the above remark, it is easy to deduce the following:
Ž . 2 2THEOREM 3.3. Assume 3.4 , ab 1, a  b  0, and define  ,  as0 0
Ž .in Lemma 3.1. Then, for 0   , all the roots of  ,   0 hae0
Ž .negatie real parts. For   , i are simple roots of  ,   0 and0 0 0
the remaining roots hae negatie real parts.
Ž . Ž . Ž .If a b 0, then A B 0, u,   r , r ,   2 n 1 1 2 n
Ž . Ž . Ž . 1 r ,   2 n 1  1 r r r , for n 0, 1, . . . , and the charac-'n 1 2
Ž .teristic equation 3.6 reduces to
2 r r  2eŽ1r . 0. 3.13Ž .1 2
 Using some results of Taboas 16 , a complete picture of the roots of this´
equation is deduced.
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THEOREM 3.4. Let a b 0,  0, and  ,  as in Lemma 3.1. Then0 0
Ž .i each strip

S    i : 0 0 ½ 51 r
2n 1  2n 1 Ž . Ž .
S    i :   , n 1, 2, . . . .n ½ 51 r 1 r
Ž . Ž . Ž . Ž .has exactly one root       i  , n of equation 3.13 ,n n n 0
which is simple;
Ž . Ž . Ž Ž .ii for all  0,    0 therefore, Eq. 3.13 has at least two0
. Ž . Ž .roots with positie real parts ,   is strictly decreasing, and   ,n n
as n;
Ž . Ž . Ž Ž .iii    0 for   and n 1 therefore, for   Eq. 3.13n 0 0
has exactly two roots with positie real parts, and all the others hae negatie
.real parts ;
Ž . Ž . Ž . Ž . Ž .iv    i , i.e.,    0,     , and    0, for1 0 0 1 0 1 0 0 n 0
n 2;
Ž . Ž .v for   , n  defined as in Lemma 3.1 , the numbern1 n1
Ž .of roots of 3.13 with positie or zero real parts is less than or equal to 2n;
Ž . Ž .and for   ,    i , there are precisely 2n roots of 3.13n1 n n1 n1
with positie real parts.
Ž . Ž .Proof. Setting z 1 r 2, Eq. 3.13 is transformed into
z 2e2 z 2  , 3.14Ž . Ž .
Ž . Ž .  Ž .where    r r 1 r 2, which is 16, Eq. 2.3 . Applying re-' 1 2
 sults in 16 , it is straightforward to deduce the first two statements. Note
Ž . Ž . Ž . Ž .that if z   a   ib  is a root of 3.14 , then
a2   b2  e2 aŽ .  2  . 3.15Ž . Ž . Ž . Ž .Ž .
Ž . Ž . Ž . Ž .Consider now 
  . From i , let z   a   ib  be the root of0 1 1 1
 3ˆŽ .  4 Ž Ž . Ž . Ž .3.14 in S  z a ib :  b i.e.,    2 z   1 r 1 1 12 2
. Ž . Ž .S . In order to obtain a contradiction, assume that a   0. From 3.151 1
Ž . Ž . Ž . Ž .and Lemma 3.1, we get b  
   
     , with b    if and1 0 1
Ž . Ž .only if   and a   0. On the other hand, for b    and from0 1 1
Ž .3.14 , we have
a2   b2  sin 2b  2 a  b  cos 2b  ,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .1 1 1 1 1 1
2 a Ž . 2 21e a   b  cos 2b   2 a  b  sin 2b Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .1 1 1 1 1 1
 2  ,Ž .
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2 a1Ž .Ž 2Ž . 2Ž .. Ž Ž .. 2Ž .which implies 0
 e a   b  cos 2b     0, a con-1 1 1
Ž . Ž . Ž .tradiction. Thus, a   0 for   . Using also ii , this proves iii and1 0
Ž .iv .
Ž . Ž . Ž .Consider now   , n, and let z   a   ib  be then1 n n n
Ž . Ž .2 n 1  2 n 1 ˆŽ .  4root of 3.14 in S  z a ib :  b . Repeating then 2 2
Ž .argument for case n 0 and then changing to  2 z 1 r , we deduce
Ž . Ž .that the root    i  in the strip S has negative real part ifn n n
Ž . Ž . Ž . Ž .  and    i   i . Using again i and ii , then1 n n1 n n1 n1
last statement follows.
We summarize some of the above stability results for E in the
following theorem:
Ž . Ž . Ž .THEOREM 3.5. Consider system 3.2 and assume 3.4 . i If ab 1, the
Ž .equilibrium E is asymptotically stable for all  0. ii If a b 0, E is
Ž . 2 2unstable for all  0. iii If ab 1 and a  b  0, the equilibrium E is
asymptotically stable for 0   and unstable for   .0 0
For ab 1, there is a Hopf bifurcation at E,   , n , in an 0
two-dimensional local center manifold. For   , that manifold is unstable0
Ž . Ž .in case ii and stable in case iii .
Ž . Ž .Proof. i  iii follow from the above results. For ab 1 and   ,n
Ž .  u,   E, the center manifold theory for FDEs 9 and Theorem 3.2
imply the existence of a local center manifold of dimension 2, where a
Hopf bifurcation takes place. Consider now   . Using Theorems 3.30
Ž .and 3.4, we deduce that the center manifold is stable in case iii and
Ž .unstable in case ii .
4. THE HOPF BIFURCATION
Ž .Throughout this section we always assume 3.4 and ab 1. Also, here
and in Section 6, the delay  will no longer be interpreted as a free
parameter, in the sense that the ratio r  is assumed constant. This
fact is irrelevant for the study of the stability of E, but will be crucial for
the Hopf bifurcation analysis.
Ž .For the equilibrium E of 3.1 , or equivalently, for the zero solution of
Ž .3.5 , we want now to determine the Hopf bifurcation at   , n ,n 0
namely the stability of the bifurcating non-trivial periodic solutions. To
 accomplish this, we use the normal form procedure described in 5, 6 ,
where the algorithm used here can be found.
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Ž .Consider 3.5 in the phase space C, let n be fixed, and  0 n
 4 Ž .i , i . Introducing the new parameter    , 3.5 is rewrittenn n n
as
z t N  z  F z ,  , 4.1Ž . Ž . Ž . Ž .˙ n t 0 t
Ž . Ž .Ž . Ž .where F ,  N    f ,    . Using the formal adjoint the-0 0 n
 ory for FDEs in 9 , we decompose C by  as C PQ, where P is then
Ž . Ž .Ž .center space for z t N  z . Considering complex coordinates, P˙ n t
i 	n 4 Ž . Ž .span  ,  , with  	  e  ,  	   	 , 1
 	
 0, whereŽ .1 2 1 1 2 1
the bar means complex conjugation, and  is a vector in 2 that satisfies1
N    i  . 4.2Ž . Ž . Ž .n 1 n 1
˙ For    , note that B, where B is the 2	 2 diagonal1 2
matrix
i 0nB .ž /0 in
 Ž . Ž .2Choose a basis  for the adjoint space P , such that ,   , i j i, j1
Ž .  I , where ,  is the bilinear form on C 	 C associated with the2
T i s T i sn nŽ . Ž Ž . Ž .. Ž .adjoint equation. Thus,  s  col  s ,  s  col u e , u e ,1 2 1 1
  2s 0, 1 , for u  such that1
 ,   1,  ,   0. 4.3Ž . Ž . Ž .1 1 1 2
   2Take the enlarged phase space BC  : 1, 0    continuous on
 . Ž .4 Ž . Ž .1, 0 , lim  	 . Using the decomposition z  x t  y , x t	 0 t t
2 1 Ž . , y Q , we decompose 4.1 ast
x Bx 0 F  x y , Ž . Ž .˙ 0
4.4Ž .
1y A y I  X F  x y ,  ,Ž . Ž .˙ Q 0 0
 where here and throughout this section we refer to 6 for results and
explanations of several notations involved. We write the Taylor formula
1 1
1 1 0 F  x y ,   f x , y ,   f x , y , Ž . Ž . Ž . Ž .0 2 32 3!
1 1
2 2I  X F  x y ,   f x , y ,   f x , y ,  ,Ž . Ž . Ž . Ž .0 0 2 32 3!
1Ž . 2Ž . Ž .where f x, y,  , f x, y,  are homogeneous polynomials in x, y,  ofj j
degree j, j 2, 3, with coefficients in 2, Ker , respectively. The normal
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Ž .form method gives for 4.1 a normal form on the center manifold of the
origin at  0, written as
1 1
1 1x Bx g x , 0,   g x , 0,   h.o.t., 4.5Ž . Ž . Ž .˙ 2 32 3!
1 1 Ž .where g , g are the second and third order terms in x,  , respectively,2 3
and h.o.t. stands for higher order terms. The normal form procedure will
show that these terms have the form
1 1 2A x xA x  2 1 21 11 1 2 g x , 0,   , g x , 0,   O x  .Ž . Ž . Ž .2 3 2ž /B x  ž /2 3! B x x1 2 2 1 2
Moreover, it will turn out that B  A , B  A , because the coefficients1 1 2 2
Ž .in 4.1 are real. The change to real coordinates w, where x  w  iw ,1 1 2
Ž .x  w  iw , followed by the use of polar coordinates ,  , w 2 1 2 1
Ž . cos  , w   sin  , transforms the normal form 4.5 into2
43 2 K  K  O    , Ž .˙ Ž .1 2
4.6Ž .
˙ O  ,  ,Ž .Ž .n
with K Re A , K Re A .1 1 2 2
Ž  .It is well known e.g., 2 that the sign of K K determines the direction1 2
Ž .of the bifurcation supercritical if K K  0, subcritical if K K  0 , and1 2 1 2
Žthat the sign of K if K  0, which is the case of generic Hopf2 2
. Žbifurcation determines the stability of the nontrivial periodic orbits stable
.if K  0, unstable if K  0 . The algorithm of normal forms gives2 2
explicit formulas to compute the coefficients A , A , and then K , K , in1 2 1 2
Ž . Ž .terms of the original equation 4.1 , or 3.1 , without having to compute the
center manifold beforehand. However, the computation of such normal
forms are particularly difficult here, mainly because the original FDE is
two dimensional, rather than scalar: thus, , have quite complicated
expressions, implying a difficult calculus of A , A , impossible to handle in1 2
the general situation. Nevertheless, explicit formulas for the calculus of K1
and K will be provided here, which can be used for particular values of2
the constants a, b, r , r , r. In the last section, we shall pursue the normal1 2
form procedure for some particular examples. We continue this section
with the computation of g1, g1, omitting some details.2 3
  1Always following 6 , we first recall the operators M ,j
M 1 p x ,  D p x ,  Bx Bp x ,  , j 2.Ž . Ž . Ž . Ž .j x
1Ž l q . Ž Ž .k . l qIn particular, M  x e  i q  q  1  x e , l q  q j k n 1 2 k 1 2
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Ž . 2  4j, k 1, 2, for j 1, 2, q q , q  , l , and e , e the canoni-1 2 0 0 1 2
cal basis for 2. Hence,
x  011Ker M  span ,Ž .2 x ½ 5ž /ž / 20
4.7Ž .
2 2 0 0x x x 1 1 2 1Ker M  span , , , .Ž . 2 23 ½ 5ž / ž / ž / ž /x x x 1 2 20 0
Ž .For Eq. 4.1 , it is
1f x , y ,   2 0 N   x y  f  x y ,  , 4.8Ž . Ž . Ž . Ž . Ž . Ž .2 0 n
Ž .and the second order terms in  , x of the normal form on the center
manifold are given by
1 11 1
1g x , 0,   Proj f x , 0, Ž . Ž .2 KerŽ M . 22 2 2
 Proj 1  0 N   x N   x .Ž . Ž . Ž . Ž . Ž .Ž .KerŽ M . 1 1 2 22
Ž . Ž . Ž . Ž .Note that N    N  . Therefore, condition 4.2 givesn n
A x 1 11 1g x , 0,   , 4.9Ž . Ž .22 ž /B x 1 2
T TŽ . Ž .Ž .with A  1 u N    iu  , B  A , for  defined as in1 n 1 n 1 1 1 1 1
Lemma 3.1.
1Ž .To compute the cubic terms g x, 0,  , we first note that3
1 1˜ 1˜ 2 1g x , 0,   Proj f x , 0,   Proj f x , 0, 0 O x  ,Ž . Ž . Ž . Ž .3 KerŽ M . 3 S 33
for
2 0x x1 2S span , 2½ 5ž / ž /x x1 20
1˜Ž Ž .. Ž .see 4.7 . The term f x, 0, 0 is given by3
31 1 1 1 1 1f˜ x , 0, 0  f x , 0, 0  D f U  D U g x , 0, 0Ž . Ž . Ž .Ž . Ž .3 3 x 2 2 x 2 22
3 1 D f h x , 0, 0 ,Ž .Ž .y 22
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1Ž . Ž 1.1 1Ž . Ž .Ž .where U x, 0  M f x, 0, 0 and h h x 	 is evaluated by the2 2 2
system
h˙ x D h x Bx 2 0 F  x , 0 4.10aŽ . Ž . Ž . Ž . Ž .x 0
h˙ x 0 N  h x  2 F  x , 0 , 4.10bŽ . Ž . Ž . Ž . Ž . Ž .Ž .n 0
˙ Ž .Ž .where h denotes the derivative of h x 	 relative to 	 .
Ž . Ž . 1Ž .From the definition of f in 3.5 and from 4.9 , f x, 0, 0  0 and0 3
1Ž . 1 1 1Ž .g x, 0, 0  0. After computing f and U , the expression of g x, 0, 0 is2 2 2 3
simplified and given by
2 2  3 c x x2 1 21 1g x , 0, 0  4 i  Proj D f h x , 0, 0 , 4.11Ž . Ž . Ž .Ž .3 n S y 22 2 2ž / c x x2 1 2
where
 2 u1, 1Tc  u  , 2 1 2ž / 1, 2
Ž .and   col  ,  . However, the first term in the right hand side of1 1, 1 1, 2
Ž .4.11 does not interfere in the computation of the coefficient K Re A2 2
Ž . Ž 1. Ž .in 4.6 . To determine Proj D f h x, 0, 0 , we start by writing h givenS y 2
Ž . Ž .by 4.10a, b , which is a homogeneous second order polynomial in x , x1 2
2 and coefficients in Ker , as
h x  h x 2 h x x  h x 2 .Ž . Ž2, 0. 1 Ž1 , 1. 1 2 Ž0 , 2. 2
With h written in this form, it is easy to see that h  0 and hŽ1, 1. Ž0, 2.
Ž . Ž . Ž . Ž . Ž . h . Denoting h  col  ,  , using again 4.2 , 4.8 , 4.9 , 4.11 ,Ž2, 0. Ž2, 0. 1 2
Ž .one proves that the normal form 4.5 has the form
A x  2A x x1 1 2 1 2 42   x Bx  O x   x ,Ž .˙ 2ž / ž /A x  A x x1 2 2 1 2
T Ž .   2 Ž .where A  iu  , A  2 i 3 c   2 c and1 1 1 2 n 2 n 3

 a i  0   r Ž . Ž .1 2 1, 1ž /u
Tc  u . 4.12Ž .3 1 
 1  b i  0 Ž . Ž . 01 2 1, 2ž /
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Ž .Transforming the above equation into 4.6 , these results lead to the
following statement:
Ž .THEOREM 4.1. The flow on the center manifold of the origin for 4.1 at
Ž . 0 is gien in polar coordinates by Eq. 4.6 , with
nTK Re iu  , K  Re c , 4.13Ž .Ž .1 1 1 2 32
2 Ž . Ž .where    ,  , u are ectors in  such that 4.2 and 4.3 hold,n n 1 1
Ž .h  col  ,  is the solution ofŽ2, 0. 1 2
T Th˙  2 i h  2 i u   u Ž .Ž2, 0. n Ž2 , 0. n 1 1 1 2
4.14Ž .
h˙ 0 N  h  2 i  ,Ž . Ž . Ž .Ž2, 0. n Ž2 , 0. n
Ž .and   col  ,  ,1 1, 1 1, 2
 2 u1, 1
 ,
2ž / 1, 2
Ž .and c is gien by 4.12 .3
5. THE REACTIONDIFFUSION MODEL
Consider now the delayed reactiondiffusion system with Neumann
conditions, resulting from considering one spatial variable and adding
Ž .diffusion terms to system 3.1 ,
u t , x  2 u t , xŽ . Ž .
 d  u t , x r  a u t , x  a  t  , xŽ . Ž . Ž .1 1 1 22 t  x
  t , x   t , xŽ . Ž .
 d2 2 t  x
 t , x r  a u t  , x  a t , x ,Ž . Ž . Ž .2 3 4
5.1Ž .
t 0, x 0,Ž .
u t , x   t , xŽ . Ž .
  0, x 0, ,
 x  x
where d , d ,  , r , r , a , a are positive constants and  , a , a are non-1 2 1 2 2 3 1 4
negative constants.
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Ž .Assuming again a r  a r  0, the equilibrium E u,  of3 1 1 2
Ž . Ž .3.1 is now the unique positive stationary solution for 5.1 . The purpose
Ž . Ž .here is to relate the dynamics of 3.1 and 5.1 in the neighbourhood of
E, at the first critical point of the parameter  .
Ž .Similarly to what was done for 3.1 , after the time-scaling t t and
Ž .the change of variables u a u u,  a   , Eq. 5.1 is given in3 2
abstract form by
d
u t  d  u t   u t r  au t  t rŽ . Ž . Ž . Ž . Ž .1 1dt
5.2Ž .
d
 t  d   t    t r  u t 1  b t ,Ž . Ž . Ž . Ž . Ž .2 2dt
Ž . Ž . Ž .where, for simplification of notation, we use u t for u t,  and  t for
Ž . Ž Ž . Ž .. Ž Ž . Ž .. t,  and u t ,  t  u t,  ,  t,  is in a suitable Hilbert space X
du d2, 2Ž Ž . Ž . 4. Ž .e.g., X u,  : u,  W 0, ,   0 at x 0, . Under 3.4 ,dx dx
Ž . Ž .E u,  given by 3.3 is a positive equilibrium.
Ž . Ž Ž . Ž ..Translating E to the origin by setting U t  u t ,  t  E X,
Ž . Ž  .5.2 is transformed into the equation in C C 1, 0 ; X
d
U t   d U t  L  U  f U ,  , 5.3Ž . Ž . Ž . Ž . Ž . Ž .t tdt
Ž . Ž . 2  2where d d , d  and L  : C , f : C	  are given by1 2
u a 0   rŽ . Ž .Ž .1 2L     ,Ž . Ž . ž /  1  b 0Ž . Ž .Ž .1 2
 0 a 0   rŽ . Ž . Ž .Ž .1 1 2f  ,    ,Ž . ž / 0  1  b 0Ž . Ž . Ž .Ž .2 1 2
Ž . Ž .for   ,  C. Note that formally the pairs of functions N  , f1 2 0
Ž . Ž . Ž .and L  , f in 3.5 and 5.3 , respectively, are similar but they act in
different spaces. The characteristic equation for the linearized equation
d Ž . Ž . Ž .Ž .U t   d U t  L  U istdt
 y  d y L  ey  0, y dom  , y 0. 5.4Ž . Ž . Ž .Ž .
The eigenvalues of  d on X are i d  k 2, i 1, 2, k 0, 1, 2, . . . ,k i
with corresponding normalized eigenfunctions  i , wherek
cos kxŽ . 0k1 2  ,   ,  x  , k .Ž .k k k 0ž /ž / k cos kxŽ .0 2, 2
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Ž . Ž .Clearly 2.3  2.5 are satisfied. But
L    1   au 0  1 1  2 ,Ž . Ž . Ž .Ž . Ž .1 k 1 k 1 k
L    2   u r  1 b 0  2 ,Ž . Ž . Ž .Ž . Ž .2 k 2 k 2 k
  2for  ,   C C 1, 0 ; ;Ž . Ž .1 2
Ž .Ž 1.  14 Ž .Ž 2 .  24thus, in general, L     span  , L     span  , and1 k k 2 k k
Ž . Ž .assumption 2.6 fails. However, for all   ,   C,1 2
L    1   2 u a 0   r  1Ž . Ž . Ž .Ž .Ž .1 k 2 k 1 2 k
  1  b 0  2 ,Ž . Ž .Ž .1 2 k
or, equivalently,
 1  1k kTTL    N   , 5.5Ž . Ž . Ž . Ž .2 2ž / ž /ž / k k
Ž .Ž .  1 24which implies that L  B 	 span  ,  , k , where B k k k 0 k
² Ž . i: i 4 Ž .span   ,     C , i 1, 2 ; i.e., 2.11 holds.k k
For any y X, we consider now its Fourier series relative to the basis
 i 4 : i 1, 2; k 0, 1, . . . written in the formk
 1 1² : y , k kTy Y , Y  .Ý k k2 2ž / ž /² : y , K0 k k
Ž . Ž .Using this decomposition and 5.5 , we note that with y dom  , y 0,
Ž .Eq. 5.4 is equivalent to
1  r au ue kTY I M    0,Ý k k  2ž / ž /e b K0 k
2 Ž .where M are the 2	 2 matrices M k diag d , d , k . Hence,k k 1 2 0
Ž .we conclude that the characteristic equation 5.4 is equivalent to the
sequence of characteristic equations
 ,   2 A  B  2 C 2eŽ1r . 0, k 0, 1, 2, . . . ,Ž .k k k
5.6Ž .k
where
A  d k 2 d k 2 au b, B  d k 2 au d k 2 b ,Ž . Ž .k 1 2 k 1 2
C u.
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It is important to remark that, for any k , the linear PFDE0
d Ž . Ž . Ž .Ž .U t   d U t  L  U restricted to B is equivalent to the re-t kdt
Ž  2 .tarded FDE on C 1, 0 ;
1 0kz t  z t N  z ,Ž . Ž . Ž . Ž .˙ t2ž /0 k
Ž .with characteristic equation given by 5.6 . In particular, for k 0,k
Ž .A  A, B  B, and the above equation 5.6 is the characteristic0 0 0
Ž .equation 3.6 studied in Section 3.
Ž . Ž .THEOREM 5.1. Assume that 3.4 holds. i If ab 1, then all the roots
Ž . Ž . 2 2of 5.6 hae negatie real parts, for all  0, n . ii If a  b  0k 0
Ž .2and ab au b 
 u, let  ,  be defined as in Lemma 3.1. Then,0 0
d Ž . Ž . Ž .Ž .for 0   , all the characteristic alues of U t   d U t  L  U0 tdt
hae negatie real parts; for   , i is a pair of simple characteristic0 0
Ž . Ž .roots of 5.6 and there are no other roots of Eq. 5.6 , k , with0 k 0
Re  0.
Proof. For ab 1, the statement follows repeating the reasoning in the
2 2 Ž .2proof of Lemma 3.1. If a  b  0 and ab au b 
 u, evi-
dently ab 1. For this case, the argument below uses some ideas from 18,
 Ž .Theorem 6.3.1 . Clearly, there are no real non-negative roots of 5.6 ,k
Ž .k 1. If   i ,  0,  0, is a solution of 5.6 , k 1, thenk
 C 2e Ž1r .
 5.7Ž .
sin  1 r 2 A Ž .Ž . k
 2 2 A  B  2k k
cot  1 r  . 5.8Ž . Ž .Ž .
2 A  Ž .k
Ž . Ž .Define  0, such that there exists an l with  1 r ˜ 01 r
Ž . 1 r  2 l . Let  ,  be as in Lemma 3.1 and 0 
  . From˜ 0 0 0
Ž . Ž .5.7 and 3.8 we have
 C C 0 0
 
  .
sin  1 r A A sin  1 rŽ . Ž .Ž . Ž .0 0
Ž . 2 2 Ž .2From 3.11 , if a  b  0 and ab au b 
 u, then  0
 Ž  Ž Ž .. Ž .0, . Since  sin  1 r is an increasing function in 0, ,Ž .2 1 r 1 r
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Ž . Ž .we derive   . On the other hand, 5.7 and 5.8 imply˜ 0
 2 B  20
cot  1 r Ž .Ž .
A 0
 B
 
A A
C B
 sin  1 r  ,Ž .Ž .2 C sin  1 rA Ž .Ž .
Ž .and then, from 3.8 ,
1  20  B  cos  1 r  cos  1 rŽ . Ž .Ž .Ž .02ž /C  0
C B
2 sin  1 r Ž .Ž .2 CA
C B 1  202 sin  1 r    B ,Ž .Ž .02 2ž /C CA  0
a contradiction.
Ž .2 n 2 n 1 2 2 Ž .For a  b  0 and n 1, we have   I  , , andn n 1 r 1 r
Ž Ž .. sin  1 r is not an increasing function in I . Therefore, then
above argument does not apply for  , n 1.n
Ž .THEOREM 5.2. Assume that a b 0, 3.4 holds, and d  d 1 2
2 r r or d d  r r . Then, for 0 
  and k 1, all the roots of' 1 2 1 2 1 2 0
Ž .5.6 hae negatie real parts.k
Ž . Ž 2 .Ž 2 .Proof. For a b 0, 5.6 is reduced to  d  k  d  k k 1 2
2 Ž1r . Ž . r r  e  0. Let k 1, 0 
   2 1 r r r and sup-'1 2 0 1 2
Ž .pose that   i ,  0,  0 is a root of 5.6 . It is easy tok
Ž . Ž . 2 Ž .  Ž1r .see that Im   i ,    d  d k  r r  1 r e k 1 2 1 2
2 2Ž .    d  d  2 r r and d d     i  d  k   i '1 2 1 2 1 2 1
2 2d  k 
 r r  , and the result follows.2 1 2
THEOREM 5.3. Let a b 0 and d  d . For k 1 and  0, if1 2
2 Ž 2 Ž .2 2 .12 Ž .d k 
 r r    1 r  , the characteristic equation  ,   01 1 2 k
has at least a pair of complex conjugated roots with positie real parts. In
2Ž . particular, for   2 1 r r r and eery k 1 such that d k'0 1 2 1
Ž .
 3r r 2, there exists a pair of roots of  ,   0 with positie real' 1 2 k 0
parts.
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ŽProof. Let a b 0, d  d , and k 1. The change z 1 2
2 .Ž . Ž .d  k 1 r 2 transforms  ,   0 into1 k
z 2 exp 2 z  2  ,Ž . Ž .k
5.9Ž .1 r k
2   r r  exp 1 r d  k 2 .Ž . Ž .' Ž .k 1 2 12
Ž . Ž . Ž .As in the proof of Theorem 3.4, let z   a   ib  be the root ofk k k
Ž . Ž . Ž . Ž .5.9 such that a   0 and 0 b   2. From 3.15 ,k k k
2 21 r Ž . 22 2r r  exp 1 r d  k  a   exp 2 a  .Ž . Ž . Ž .Ž .Ž .1 2 1 k kž /4 4
5.10Ž .k
Define the functions
2 21 r r r Ž . 1 2
g x ,   exp x  ,Ž . Ž .k 22 2x 1 r d  k  Ž . 1
x  1 r d  k 2 , .Ž .Ž .1
Ž . Ž Ž . Ž . 2 .Note that 5.10 is equivalent to g 2 a   1 r d  k  0. On thek k k 1
Ž .other hand, g 0,  
 0 if and only ifk
 2
2 4d k 
 r r  . 5.11Ž .1 1 2 2 21 r Ž .
Ž . Ž . Ž .Since g ,  is an increasing function, g 0,  
 0 implies that 2 a  k k k
Ž . 2 Ž . Ž . Ž Ž . Ž1 r d  k  0; therefore, if 5.11 holds,    2 a   11 k k
. 2 Ž .. Ž . Ž .r d  k  2 ib   1 r is a root of  ,   0 with positive real1 k k
Ž . 2part. In particular, if   , the above condition 5.11 reduces to d k0 1

 3r r 2.' 1 2
Remark 5.1. For a b 0, d  d , Theorem 5.2 is valid for d1 2 1
 r r . The case 3r r 2 d  d  r r is not covered in Theo-' ' '1 2 1 2 1 2 1 2
rems 5.2 and 5.3, leading to the suggestion that Theorem 5.2 can be
improved. Nevertheless, for case a b 0, Theorem 5.3 shows the effect
of small diffusion terms creating more instability of E at the first
bifurcation point  .0
 Remark 5.2. As mentioned in Section 2, in 13 the authors proved a
center manifold theorem for reactiondiffusion equations with delays of
Ž . Ž . Ž .  type 2.1 , under hypotheses 2.3  2.6 . Obviously, from 13 , the existence
of a local center manifold follows for equations with parameters. We can
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Ž . Žalso consider equations where d d is replaced by d d , . . . ,1
. Ž . md  , for d d , . . . , d  . The proof of existence of invariantm 1 m
Ž .manifolds for PFDEs is based on the decomposition 2.10 of the phase
space C using the standard adjoint theory for retarded FDEs, by the
dU Ž . Ž . Ž .identification of the characteristic equation for t  d U t  L Utdt
with a sequence of characteristic equations for scalar retarded FDEs. In
Section 2, it was observed that the same technique can be used when,
Ž . Ž .  instead of 2.6 , the weaker assumption 2.11 is satisfied 4 . For the PFDE
model presented here, and with the notations of Section 2, we observe that
Ž .  1 2 Ž . Ž the spaces B in 2.11 are B         ,   C 1, 0 ;k k 1 k 2 k 1 2
2 .4 Ž . , k , and the characteristic equation 5.4 is now decomposed into0
Ž . Ž .the sequence of equations 5.6 , k ; if there are no roots of 5.6k 0 k
with Re  0 for k 1, then N 0.
Summarizing, we have the following results:
Ž .THEOREM 5.4. Assume 3.4 and let  be as in Lemma 3.1. Suppose0
also that:
Ž . 2 2 Ž .2i a  b  0 and ab au b 
 u, or
Ž .ii a b 0, and d  d  2 r r or d d  r r .'1 2 1 2 1 2 1 2
Ž .Then, for 5.1 and  near  , there is a two-dimensional local center0
Ž .manifold of the stationary point E. The center manifold is stable in case i
Ž .and unstable in case ii .
Ž . Ž .Proof. If i or ii is satisfied, from Theorems 5.1 and 5.2 we deduce
Ž .that the characteristic equation 5.4 at   has exactly two roots with0
Ž . Ž .real parts zero, i , where  is defined by 3.10 , 3.11 . The existence0 0
 of a two-dimensional local center manifold at E follows from 13 . This
Ž .manifold is stable in case i since all the other characteristic roots have
Ž .negative real parts, and unstable in case ii because there is one pair of
characteristic roots with positive real parts.
6. THE HOPF BIFURCATION FOR THE
REACTIONDIFFUSION EQUATION
Ž .In this section, we always assume hypotheses of Theorem 5.4, i.e., 3.4
and either
22 2a  b  0 and ab au b 
 u or 6.1Ž . Ž .
a b 0 and d  d  2 r r or d d  r r , 6.2Ž .'1 2 1 2 1 2 1 2
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Ž . Žand show how the Hopf bifurcation for Eq. 5.1 at E and  if it is0
.generic can be deduced from the analysis of the case without diffusion. To
be more precise, for the ODE giving the flow on the center manifold for
Ž .5.1 , we shall determine the terms up to third order from the terms of the
Ž .equation on the center manifold for 3.1 .
 4Let     and consider only the case   i , i , where0 0 0 0
Ž . Ž . ,  are defined as before. Since one of the conditions 6.1 or 6.2 is0 0
satisfied,  is the set of eigenvalues on the imaginary axis of the0
infinitesimal generator associated with the flow of
d
U t   d U t  L  U . 6.3Ž . Ž . Ž . Ž . Ž .0 0 tdt
Ž .Equation 5.3 is now written as
d
U t   d U t  L  U  F U ,  , 6.4Ž . Ž . Ž . Ž . Ž . Ž .0 0 t tdt
Ž . Ž . Ž .Ž . Ž .where F  ,    d  0  L    f  ,    . Similarly to what0
Ž .was done in 2.10 , but with the necessary changes to take into account the
Ž . Ž .replacement of 2.6 by 2.11 , we consider the phase space C decomposed
by  ,0
 10TCP Q , P span  , QKer
2½ 5ž /0
Ž Ž ..  P is the center space for 6.3 , and    is the basis for the1 2
Ž  2 .  space P	 C C 1, 0 ; defined in Section 4. Following 4 , for Eq.
Ž .6.4 at U 0,  0, we define its associated FDE by  as the retarded0
FDE in C,
x t  R x G x ,  , 6.5Ž . Ž . Ž . Ž .˙ t t
where R, G are given by
 1  10 0TTL    R  ,Ž . Ž .0 2 2ž / ž /ž / 0 0
 10T 1F  ,  , 02¦ ;ž /ž /0
G  ,   ,  C.Ž .
10T 2F  ,  ,  002¦ ;ž /ž /0
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Ž . Ž . Ž .THEOREM 6.1. Assume 3.4 , and 6.1 or 6.2 ; let  be as in Lemma0
3.1. Then, for a suitable change of ariables, the normal forms on the center
Ž . Ž .manifold of E at   for both Eq. 3.1 and Eq. 5.1 coincide, up to0
third order terms. In particular, if the Hopf bifurcation on the two-dimen-
Ž . Ž .sional local center manifold for 3.1 is generic, the same is true for 5.1 and
Ž .the bifurcation direction and the stability of the periodic orbits for 3.1 and
Ž .5.1 are the same.
Proof. Through the previous changes of variables, we can consider Eqs.
Ž . Ž . Ž . Ž . Ž .4.1 and 6.4 instead of 3.1 and 5.1 , respectively. From 5.5 , we
Ž . iobserve that RN  . On the other hand, we have   0, i 1, 2,0 0
1 2 i i i j' 'Ž . Ž . ² : ² :  1  , 0 ,   0, 1  ,  ,   1,  ,   0, if i j,0 0 0 0 0 0
Ž .i, j 1, 2. Using again 5.5 , then
L    1   2 ,  1² :Ž . Ž .1 k 2 k 0
G  ,  Ž .
1 2 2ž /L       , ² :Ž . Ž .1 k 2 k 0
f   1   2 ,    ,  1² :Ž .1 k 2 k 0 0
1 2 2ž /f      ,    , ² :Ž .1 k 2 k 0 0
1
N    f  ,   Ž . Ž . Ž .0 0'
Ž .and 6.5 becomes
1
x t N    x  f x ,    . 6.6Ž . Ž . Ž . Ž . Ž .˙ 0 t 0 t 0'
' Ž . Ž .Note that the scaling x  z transforms 6.6 into 4.1 . This proves that
Ž . Ž . Ž Ž . .the dynamics for 4.1 and for 6.5 the associated FDE to Eq. 6.4 by 0
are the same near the origin and  0.
 In 3, 4 , it was proven that if a condition of nonresonance on the second
Ž .order terms of 6.4 is satisfied, then the normal forms giving the flow on
Ž .the center manifolds for both Eq. 6.4 and its associated FDE by  are0
1 Ž .the same, up to cubic terms. Let F  ,  be the quadratic terms of F in22
1 2Ž . Ž . Ž . Ž   . Ž . ,  , so that F  ,   F  ,  O   ,    ,  C , .2 1 22
The mentioned condition on the second order terms of F is translated
here as
D F u ,   i ,  j  0,² :Ž . Ž .1 2 k 0
 for i , j 1, 2, uP ,  C 1, 0 ; , k 1. 6.7Ž .Ž .
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The above definition of F yields
 0 a 0  rŽ . Ž . Ž .Ž .1 1 21 F  ,    d  0  L     ,Ž . Ž . Ž . Ž .2 02 ž / 0  1  b 0Ž . Ž . Ž .Ž .2 1 2
   ,  C , .Ž .1 2
'Ž .Ž . Ž .Let uP. Necessarily u has the form u 1   ,  , with  , 1 2 1 2
Ž . C. For k 1, i 1, 2,  ,   C we obtain1 2
1 1
1 2D F  ,  ,      Ž . Ž .1 2 1 2 1 k 2 kž /'2 
 k 2  0 d  1  0 d  2Ž . Ž .Ž .1 1 k 2 2 k
 u a 0   r  1    1  b 0  2Ž . Ž . Ž . Ž .Ž . Ž .1 2 k 1 2 k
 0  0 a 0   rŽ . Ž . Ž .Ž .Ž 1 1 2'
 0 a 0   r  1Ž . Ž . Ž .Ž . .1 1 2 k
 0  0  1  b 0Ž . Ž . Ž .Ž .Ž 2 1 2'
 0  1  b 0  2 .Ž . Ž . Ž .Ž . .2 1 2 k
² i j: ² Ž .Ž i . j:Since  ,   0, then D F u,   ,   0, for k 1, i 1, 2,k 0 1 2 k 0
Ž  . Ž .j 1, 2, uP,  C 1, 0 ; , and clearly condition 6.7 is fulfilled.
Thus, we deduce that the equations on the center manifold at zero for
Ž . Ž . Ž .both Eq. 6.4 and Eq. 6.6 , i.e., 6.4 and its associated FDE by  , are0
the same up to third order terms. Since the terms up to third order are
sufficient to determine the dynamics of a generic Hopf bifurcation, and
Ž . Ž .since the dynamics for 6.6 and for 4.1 near E and  are the same, the0
theorem is proven.
Remark 6.1. Assuming the existence of the positive equilibrium E
Ž . Ž .and either condition 6.1 or 6.2 , the results above show that the local
Ž . Ž .stability of E for 0 
  is the same for Eq. 3.2 and Eq. 5.2 .0
Furthermore, the Hopf singularity at  , if generic, is reduced to the case0
without diffusion. In this sense, we can say that the diffusion terms are
irrelevant in our model.
TERESA FARIA458
7. EXAMPLES
Ž .EXAMPLE 7.1. Consider system 3.1 with a  a  0,1 4
u t  u t r  a  t Ž . Ž . Ž .˙ 1 2
7.1Ž .
 t  t r  a u t  ,Ž . Ž . Ž .˙ 2 3
Ž .or, equivalently, system 3.2 with a b 0. The positive equilibrium E
Ž . Ž .of 7.1 is E r a , r a ; after the normalization of the delay  and2 3 1 2
Ž . Ž .the change of variables u a u,  a  , we get E u,   r , r3 2 2 1
Ž .and Eq. 3.5 , with
r  r  0  rŽ . Ž . Ž .2 2 1 2N     , f  ,    .Ž . Ž . Ž .0ž / ž /r  1  1  0Ž . Ž . Ž .1 1 1 2
2n ŽAccording to Lemma 3.1, we have   ,   2n 1n1 n11 r
. r r r , n. For a fixed n, let  , u be defined as in Section 4.' 1 2 1 1
Ž . Ž .From 4.2 and 4.3 , one can choose
1 11 in
  , u  ;i i1 1n 1 n12 2i r r e i r r e' 'ž / ž /2 1 n 1 2 2 1Ž .
i 	 i 	 T Tn 1 n1Ž .   Ž . Ž .hence  	  e  e  ,  0  col u , u . After the change1 1 1 1
Ž .of parameter     , 4.13 givesn1
n r r' 1 2TK  K  r r Re iu    0, for all n.' Ž .1 1, n1 1 2 1 1 2 21 n 
7.2Ž .
Ž .To compute the coefficient K of the cubic term in 4.6 , we first note2
Ž 2 i n 1 . Ž . Ž .that  col 1r ,e r . From 4.12 and 4.14 , we get2 2
1 in r1 2 i n 1c  i  0  e  1Ž . Ž .3 1 12 2 (ž r2 1 n Ž . 2
r2 2 i n 1i e  0   r ,Ž . Ž .2 2( /r1
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Ž .where h   ,  is the solution of the system of differential equa-Ž2, 0. 1 2
tions
˙ 	  2 i  	Ž . Ž .1 n1 1
2n
i 	 i 	n 1 n1 C e  C eŽ .1 22 21 r r 1 n Ž . Ž .2
˙ 	  2 i  	 7.3aŽ . Ž . Ž .2 n1 2
2n r1 2 2 ( r1 r r 1 n Ž . Ž . 22
i Ž	1. i Ž	1.n 1 n1	i C e  C e ,Ž .1 2
where
i n 1C  1 in e r r  i ,Ž . 'ž /1 2 1
3 i n 1C  1 in e r r  i ,Ž . 'ž /2 2 1
such that
4n
˙ 0  r   r  iŽ . Ž .1 2 n1 2 1 r rŽ . 2
7.3bŽ .
4n
2 i n 1˙ 0  r   1  ie .Ž . Ž .2 1 n1 1 1 r rŽ . 2
Here, we shall pursue the computations only for r  r and r 0 or1 2
Žr 1 i.e., either the ‘‘hunting’’ delay is zero or is equal to the ‘‘predator
.maturation’’ delay .
Ž .If r  r and r 0, then   2n ,   2nr . From 7.3a, b ,1 2 n1 n1 1
Ž . Ž . Ž . Ž .we obtain  1   0 and  0 ,  0 given by1 1 1 2
2 in 0Ž .12 i 1 1 n 7.4Ž .2 2ž / ž /1 2 i 1 nž / 0Ž . r 1 n Ž .2 1
and
1 in
c   1 i  0  1 i  0 . 7.5Ž . Ž . Ž . Ž . Ž .3 1 22 22 1 n Ž .
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Finally, for n, we obtain
n 2n2 2
K  K  Re c   0. 7.6Ž .2 2, n1 3 2 2 2r 3r 1 n Ž .1 1
Consider now the case r  r and r 1. In this case,   n ,1 2 n1
Ž . Ž . Ž . Ž .  nr . For n even, 7.3a, b implies that  1   0 ,  1 n1 1 1 1 2
Ž . Ž . Ž . Ž . 0 , and  0 ,  0 are still given by 7.4 . Then, once more c has the2 1 2 3
Ž .expression in 7.5 , and
n n2 2
K  K  Re c   0, 7.7Ž .2 2, n1 3 2 2 22 r 3r 1 n Ž .1 1
Ž .for n even. For n odd, from 7.3a, b we have
4
 1   0  2 1 n  i 1 n ,Ž . Ž . Ž . Ž .1 1 2 23r 1 n Ž .1
4
 1   0  2 1 n  i 1 n ,Ž . Ž . Ž . Ž .2 2 2 23r 1 n Ž .1
Ž Ž . Ž ..where  0 ,  0 is now the solution of1 2
5 1 n i 4 1 nŽ . Ž .
i 2 23 1 n 2 0 Ž .Ž .12 i 1  .ž /1 2 i ž / 0 5 1 n i 4 1 nrŽ . Ž . Ž .2 1 i 02 23 1 n Ž .
 Ž 2 2 . Ž .Then, c 2n 3r 1 n  as in 7.5 , which implies that K is3 1 2, n1
Ž .still given by 7.7 .
In the situations above, K  0, K K  0, n. Theo-2, n1 1, n1 2, n1
rem 4.1 is used now to describe completely the Hopf bifurcation at
  , and Theorem 6.1 is applied to the model with diffusion atn1
  .0
Ž .PROPOSITION 7.1. Let r  r and  0 respectiely   . Then,1 2
Ž .on the center manifold for 7.1 the Hopf bifurcations occuring at E
Ž . Ž .r a , r a for   2nr respectiely   nr are supercriti-1 3 1 2 n1 1 n1 1
cal, with stable bifurcating non-triial periodic solutions, for all n. For
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the first bifurcation point  , the same conclusions hold for0
u t , x  2 u t , xŽ . Ž .
 d  u t , x r  a  t  , xŽ . Ž .1 1 22 t  x
  t , x  2 t , xŽ . Ž .
 d2 2 t  x
 t , x r  a u t  , x , t 0, x 0,Ž . Ž . Ž .1 3
u t , x   t , xŽ . Ž .
  0, x 0, ,
 x  x
if d  d  2 r or d d  r 2, and  0 or   .1 2 1 1 2 1
Ž .EXAMPLE 7.2. Consider system 3.2 with b 0, r 0, r  1, r  a2 1
 1,
u t   u t a 1 au t  tŽ . Ž . Ž . Ž .˙
7.8Ž .
 t    t 1 u t 1 ,Ž . Ž . Ž .˙
  Ž .also considered in 1, 14 for a 1. Then, the positive equilibrium for 7.8
Ž .is E 1, 1 and the first bifurcation point is    , with 0 0
2 4 12 i 0'Ž .  Ž . a  a  4 2 and   arcsin a ; we note that e 0
Ž . Ž . Ž .  ia . From 4.2 and 4.3 , we can choose
ei 0	 ei 0	
ic ci Ž	1. i Ž	1.0 0ie ie 	  ,  0  ,Ž . Ž . ž /ic c 0 
 Ž .1where c a   i a  2 .0 0
Ž .We now compute K , K according to Theorem 4.1. From 4.13 we get1 2
4 22   a  0 0 0 02K Re c 2 ia   0.Ž .1 2 22 2 2  a   a  2Ž .Ž .0 0 0 0
On the other hand,
1
 ,2 2ž /a   2 ia
and
2c  c  ia  0  a i  1Ž . Ž . Ž .Ž .3 1 1
  ia i  0 , 7.9Ž . Ž . Ž .2
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where  ,  satisfy the system1 2
˙ i 0	 i 0	 	  2 i  	  2 C e  2 C eŽ . Ž .1 0 1 0 1 0 2
˙ i 0	 	  2 i  	  2 C a i eŽ . Ž . Ž .2 0 2 0 1 7.10aŽ .
 2 C a i ei 0	 ,Ž .0 2
2 2Ž . Ž . Ž .where C  c 1 2 a  i a   , C  c 1 2 a 1 2
Ž 2 2 .i a   , with the constraints
˙ 0   a 0   0  2 iŽ . Ž . Ž .Ž .1 0 1 2 0
7.10bŽ .
2 2˙ 0    1  2 2 a i a   .Ž . Ž . Ž .2 0 1 0
Ž .From 7.10a, b , we obtain the system
 0a 2 i 1 Ž . i C  CŽ .1 1 2 2 ,2 i 0 ž /ž / ž / 0e 2 i Ž . D2
where
22 2D  2 a i a    2 a 2 i i  ia CŽ .Ž . 1
C22 2 a 2 i i  ia .Ž .
3
Ž .Although we have explicit formulas to compute K   Re c 2 , it is2 0 3
complicated to find the sign of K for an ungiven a, as one can see from2
the calculus above. As an example, here we complete the calculus only for
case a 1. Simplifying the above formulas and using MAPLE V, for
a 1 we obtain Re c 0.5; thus K  0. For this rather particular3 2
situation, the Hopf bifurcation analysis is completed, since Theorems 4.1
and 6.1 imply the following statement:
PROPOSITION 7.2. Consider a 1, b 0, r 0, r  1, r  2, and let2 1
Ž . Ž . be defined as aboe. Then, for both Eq. 3.2 and Eq. 5.2 , at  0 0
there exists a generic supercritical Hopf bifurcation on a locally stable two-di-
Ž .mensional center manifold of the positie equilibrium E 1, 1 ; moreoer,
the associated non-triial periodic solutions are stable.
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